Abstract. This paper focuses on various decompositions of topological measures, deficient topological measures, signed topological measures, and signed deficient topological measures. These set functions generalize measures and correspond to certain non-linear functionals. They may assume ∞ or −∞. We introduce the concept of a proper signed deficient topological measure and show that a signed deficient topological measure can be represented as a sum of a signed Radon measure and a proper signed deficient topological measure. We also generalize practically all known results that involve proper deficient topological measures and proper topological measures on compact spaces to locally compact spaces. We prove that the sum of two proper (deficient) topological measures is a proper (deficient) topological measure. We give a criterion for a (deficient) topological measure to be proper.
Introduction
Topological measures (initially called quasi-measures) were introduced by J. F. Aarnes in [1] , [2] , and [3] . These generalizations of measures and corresponding generalizations of linear functionals are connected to the problem of linearity of the expectational functional on the algebra of observables in quantum mechanics. Applications of topological measures and corresponding non-linear functionals to symplectic topology have been studied in numerous papers beginning with [8] (which has been cited over 100 times), and in a monograph [15] .
Topological measures are defined on open and closed subsets of a topological space, which means that there is no algebraic structure on the domain.
They lack subadditivity and other properties typical for measures, and many standard techniques often employed for measures and linear functionals are no longer applicable to them. Nevertheless, many properties of measures still hold for topological measures.
The natural generalizations of topological measures are signed topological measures and deficient topological measures. Signed topological measures of finite norm on a compact space were introduced in [10] then studied and used in various works, including [11] , [14] , [17] , and [19] . Deficient topological measures (as real-valued functions on a compact space) were first defined and used by A. Rustad and ∅. Johansen in [14] and later independently rediscovered and further developed by M. Svistula in [17] and [18] .
In [6] we define and study signed deficient topological measures on locally compact spaces. Signed deficient topological measures generalize topological measures, signed topological measures, and deficient topological measures.
These set functions may assume ∞ or −∞.
In this paper we introduce some new concepts, for example, proper signed deficient topological measures, and prove new results.
We also generalize practically all known results that involve proper deficient topological measures and proper topological measures on compact DECOMPOSITIONS OF SIGNED DEFICIENT TOPOLOGICAL MEASURES 3 spaces to locally compact spaces. Also, we no longer require that all set functions have a finite "norm". We prove that the sum of two proper (deficient) topological measures is a proper (deficient) topological measure. We give a criterion for a (deficient) topological measure to be proper.
The focus of this paper is various decompositions of topological measures, deficient topological measures, signed topological measures, and signed deficient topological measures. For example, we show that if ν and µ are signed topological measures, and at least one of them has a finite norm, then ν − µ is a signed topological measure; and if µ ≤ ν then ν − µ is a topological measure. In many decompositions we use Radon measures and proper signed deficient topological measures. For example, a signed deficient topological measure can be represented as the sum of a signed Radon measure and a proper signed deficient topological measure. For a deficient topological measure ν, the maximal Radon measure majorized by ν is compact-finite if and only if ν is singleton-finite.
In this paper X is a locally compact, connected space. By O(X) we denote the collection of open subsets of X; by C (X) the collection of closed subsets of X; by K (X) the collection of compact subsets of X. We denote by E the closure of a set E, and stands for a union of disjoint sets. We say that a signed set function is real-valued if its range is R. When we consider set functions into extended real numbers they are not identically ∞ or −∞.
Preliminaries
Definition 2.1. Let X be a topological space and ν be a set function on a family of subsets of X that contains O(X) ∪ C (X). We say that
• ν is compact-finite if |ν(K)| < ∞ for any K ∈ K (X); • ν is singleton-finite if |ν({x})| < ∞ for every x ∈ X;
• ν is locally finite if every point x has a neighborhood U x such that |ν(U x )| < ∞;
• ν is simple if it only assumes values 0 and 1;
• a nonnegative set-funciton ν is finite if ν(X) < ∞. The set of all Radon measures is a positive cone. Definition 2.3. A deficient topological measure on a locally compact space X is a set function ν : C (X) ∪ O(X) −→ [0, ∞] which is finitely additive on compact sets, inner compact regular, and outer regular, i.e. :
Remark 2.4. In [4, Section 3] it is proved that a deficient topological measure ν is superadditive, i.e. if t∈T A t ⊆ A, where A t , A ∈ O(X) ∪ C (X), and at most one of the closed sets (if there are any) is not compact, then
Definition 2.5. A topological measure on X is a set function µ :
Definition 2.6. A signed deficient topological measure on a locally compact space X is a set function ν :
at most one of ∞, −∞ and that is finitely additive on compact sets, inner regular on open sets, and outer regular on closed sets, i.e.
Remark 2.7. In condition (SDTM2) we mean the limit of the net ν(C) with the index set {C ∈ K (X) : C ⊆ U } ordered by inclusion. The limit exists and is equal to ν(U ). Condition (SDTM3) is interpreted in a similar way, with the index set being {U ∈ O(X) : U ⊇ C} ordered by reverse inclusion.
Remark 2.8. Since we consider set-functions that are not identically ∞ or −∞, we see that for a signed deficient topological measure ν(∅) = 0. If ν and µ are signed deficient topological measures that agree on K (X), then
Definition 2.9. We define ν = sup{|ν(K)| : K ∈ K (X)} for a signed deficient topological measure ν.
If µ is a deficient topological measure then µ = µ(X). 
The following easy lemma can be found, for example, in [13, Chapter X, § 50, Theorem A]. 
The following fact is in [7, Chapter XI, 6 .2]:
The following Definition is from [4, Section 2]. Definition 2.14. Given signed set function λ : K (X) −→ [−∞, ∞] which assumes at most one of ∞, −∞ we define two set functions on O(X)∪C (X), the positive variation λ + and the total variation |λ|, as follows:
and for a closed subset F ⊆ X let Here is an example of a deficient topological measure that is not singletonfinite. Fix x ∈ X, and define λ on K (X) by:
measure, and ν is not singleton-finite. Definition 3.5. Let X be locally compact. Suppose a set function ν :
is monotone, finitely additive, and ν(∅) < ∞. Define a set function ν :
Lemma 3.6. The following holds for ν:
(p6) ν is finitely additive on compact sets, i.e. if C, K are disjoint com-
(p7) If ν is compact-finite, then so is ν.
Proof. Properties (p1) -(p3) easily follow from the definition of ν.
(p4) If ν(K) = ∞ or ν(C) = ∞ then the subadditivity is obvious. Assume now that ν(K) < ∞ and ν(C) < ∞. For ǫ > 0 find compact sets
The subadditivity of ν follows.
On the other hand, for any cover
Note that by monotonicity and finite additivity of ν on compact sets we have ν(
It follows that ν(C ⊔ K) ≥ ν(C) + ν(K). By part (p4) the statement follows.
(p7) Follows from part (p2).
In Definition 3.5 as ν we may use a deficient topological measure, a topological measure or a measure.
Lemma 3.7. Let X be locally compact. Suppose a set function ν :
is monotone, finitely additive, and ν(∅) < ∞. Let ν + be the positive variation according to Definition 2.14 of the set function ν from Definition 3.5. Then
(ii) If ν is a deficient topological measure then ν + ≤ ν. If ν is also compact-finite, then so is ν + ; if ν is finite, then so is ν + .
(iii) ν + is finitely subadditive on O(X). (ii) By part (p2) of Lemma 3.6, ν ≤ ν on K (X). By Remark 2.15 
Proof. Let α, β, γ, δ be the right hand side, respectively, of the first, second, third, and fourth line. Then α ≤ β ≤ γ = δ, where γ = δ by an argument similar to the one for part (p5) of Lemma 3.6.
We shall show that
. Take any compact K ⊆ U . Using Lemma 2.12 we see that we may
Now we shall show that γ ≤ ν + (U ). This inequality holds trivially if
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Then the sets {U \ K, U 1 , . . . , U n } form a cover of U , so
Thus, γ ≤ ν + (U ), and the proof is complete.
Theorem 3.9. Let ν be a deficient topological measure, and m = ν + be the measure from Lemma 3.7. The following are equivalent:
Thus, the measure m is compact-finite. Proof. By Theorem 3.9 m is compact-finite. Suppose λ is a Radon measure
. So by Definition 3.5 and Remark 2.15
Decompositions of deficient topological measures
Theorem 4.1. Suppose µ ≤ ν, where µ is a signed topological measure, and ν is a deficient topological measure. Suppose one of µ, ν is compact-finite and the other one is singleton-finite.
(i) There exists a singleton-finite deficient topological measure λ such that λ = ν −µ on K (X). λ is compact-finite iff µ and ν are compactfinite.
(
(iii) If µ, ν have finite norms then λ is finite.
Proof.
(i) We shall prove the statement in the case where µ is compactfinite, ν is singleton-finite; the other case is similar. Since µ is realvalued on K (X), we may define λ as follows:
Note that λ is a singleton-finite non-negative set function. For K compact λ(K) < ∞ iff ν(K) < ∞. So λ is compact-finite iff µ and ν are.
First we shall show that λ is monotone on K (X).
, and ν(U ) ≥ ν(U \ C) + ν(C). So we have:
Now we shall show that this definition is consistent, i.e. if K
and |µ(U )−µ(K)| < ǫ. It is not hard to see that λ(U ) < ∞. We may choose a compact C such that K ⊆ C ⊆ U, λ(U ) − λ(C) < ǫ, and
Finite additivity of λ on disjoint compact sets follows from the same property for ν and µ. Since outer regularity on closed sets and
inner regularity on open sets is built in the definition of λ, we see that λ is a deficient topological measure. (
Then it is not hard to check that ν(F ) = µ(F ) + λ(F ) for any F ∈ C (X). Thus, ν = µ + λ.
(iii) Easy to see. There is the unique decomposition ν = m + ν ′ , where m is the maximal Radon measure majorized by ν, and ν ′ is a proper singleton-finite deficient topological measure. ν is compact-finite (respectively, finite) iff ν ′ and m are. ν is a finite topological measure iff ν ′ is a finite proper topological measure and m is a finite Radon measure. ν is a finite measure iff ν ′ is a finite proper measure and m is a finite Radon measure. If ν is compact-finite (respectively, finite), then by Lemma 3.7 so is m, and then by Theorem 4.1 so is ν ′ .
If ν is a finite topological measure (respectively, a finite measure) then m is a finite measure, and it is easy to check that ν ′ = ν − m is a finite topological measure (respectively, a finite measure). The rest of the claims are easy. Proof. Let ν, µ be proper singleton-finite deficient topological measures.
Suppose λ is a Radon measure and λ ≤ ν + µ. We may consider λ on Borel subsets of X. Let K ∈ K (X) and ǫ > 0. By Theorem 4.5, let
are disjoint, and
Since λ is a Radon measure, it is inner regular on σ-finite sets (see, for example, [9, §7.2]). Thus, given ǫ > 0, we may choose 
But a + b = 1 and ν is extreme, so either a = 0 and ν = ν ′ , or b = 0 and ν = m, and the statement follows.
Lemma 4.14. Let X be locally compact. If µ is a simple deficient topological measure on X and there exists x such that µ({x}) = 1 then µ is a point mass at x.
Proof. Let x ∈ X be such that µ({x}) = 1. Then by superadditivity of µ we have µ(X) ≥ µ({x}) + µ(X \ {x}), and it follows that µ(X \ {x}) = 0. It is easy to see that µ is finitely subadditive on compact sets, so by [4, Section 4] µ is a regular Borel measure on X, thus, it is a point mass at x. Now assume (c), and we shall show that it implies (b). Let U be a finite open cover of X, and suppose U ∈ U is such that ν(U ) = a > 0. There exists
For each x ∈ K there is an open set V x such that ν(V x ) = 0. Finitely many of V x cover K, and we call them
Replacing the set U in the cover U by open sets U \ K, V 1 , . . . , V n and repeating the same procedure for each set U ∈ U for which ν(U ) > 0, we obtain a new finite open cover W with the property that ν(W ) = 0 for each set W ∈ W. Thus, (b) is satisfied.
Decompositions of signed deficient topological measures
Theorem 5.1. Suppose ν and µ are signed topological measures at least one of which has a finite norm. Then λ = ν − µ is a signed topological measure.
If µ ≤ ν then λ = ν − µ is a topological measure.
Proof. Since a signed topological measure assumes at most one of ∞, −∞, and at least one of µ , ν is finite, it is easy to check that (ii) If ν < ∞ and |µ(A)| ≤ ν(A) for any
Proof. 
Radon signed measure and µ ′ + λ ′ is a proper singleton-finite signed deficient topological measure by Theorem 4.8. Since ν = n + ν ′ is the unique decomposition, we have n = m + l and ν ′ = µ ′ + λ ′ . Then m ≤ n and µ ′ ≤ ν ′ . Now suppose ν ≤ µ. By Theorem 5.1 there is a topological measure λ = µ − ν, so ν = µ − λ, and λ is singleton-finite. As above, Proof. For any finite disjoint collection of compact sets
by Definition 2.14 |µ|(U ) ≤ n(U ). From |µ| ≤ n on O(X) we have |µ| ≤ n. and Propositions 10, 11] . In all previous results the space was compact and all topological measures and deficient topological measures were finite. In our new results the space is locally compact and we no longer require set functions to be finite.
By
Remark 5.13. Topological measures and deficient topological measures correspond to certain non-linear functionals, see [5] . Thus, in a manner similar to one in [16] and [17] , the results involving proper deficient topological measures can be transferred to corresponding non-linear functionals.
